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XIV. Analytical Researches connected with STEINER’S Extension of MavLrarri’'s Pro-
blem. By Artaur Caviey, M.A., Fellow of Trinity College, Cambridge. Com-
municated by J. J. SYLVESTER, Esq., F.R.S.

Received April 12,—Read May 27, 1852.

THE problem, in a triangle to describe three circles each of them touching the two
others and also two sides of the triangle, has been termed after the Italian geometer
by whom it was proposed and solved, MavLraTrr’'s problem. The problem which I
refer to as STEINER’s extension of MALFATTI’s problem is as follows :—*To determine
three sections of a surface of the second order, each of them touching the two others,
and also two of three given sections of the surface of the second order,” a problem
proposed in STEINER'S memoir, ¢ Einige geometrische Betrachtungen,” Crelle, t. i.
The geometrical construction of the problem in question is readily deduced from
that given in the memoir just mentioned for a somewhat less general problem, viz.
that in which the surface of the second order is replaced by a sphere; it is for the
sake of the analytical developments to which the problem gives rise, that I propose
to resume here the discussion of the problem. The following is an analysis of the
present memoir :—

§ 1. Contains a lemma which appears to me to constitute the foundation of the
analytical theory of the sections of a surface of the second order.

§ 2. Contains a statement of the geometrical construction of STEINER’s extension
of MavLraTTI's problem.

§ 3. Is a verification, founded on a particular choice of coordinates, of the con-
struction in question.

§ 4. In this section, referring the surface of the second order to absolutely general
coordinates, and after an incidental solution of the problem to determine a section
touching three given sections, I obtain the equations for the solution of STEINER’s
extension of MaLFaT1I’s problem. ,

§ 5. Contains a separate discussion of a system of equations, including as a parti-
cular case the equations obtained in the preceding section.

§§ 6 and 7. Contain the application of the formule for the general system to the
equations in § 4, and the development and completion of the solution.

§ 8. Is an extension of some preceding formula to quadratic functions of any
aumber of variables.
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254 MR. A. CAYLEY’S ANALYTICAL RESEARCHES CONNECTED WITH

§ 1. Lemma relating to the sections of a surface of the second order.

az’ + by’ + e+ dw* 4 2fyz -+ 2gza+2hay + 2lew + 2myw + 2nxw=0
be the equation of a surface of the second order, and
Qv +By* + Cx*+ Dw+ 2 Jfyz + 2B zx + 2D xy + 2w + 2 Myw + 2 Nzw=0
the reciprocal equation, the condition that the two sections
A py vz Jew =0
Ne4ply+/z+dw=0

If

may touch, is
(A 4B+ Cr+De*+ 2w+ 2B+ 2Dap 4+ 2L re+ 2. M pe -+ 2 Do)+
X (AN 4B+ €+ D"+ 250V +28p/'N + 2y + 210"+ 2.'e -+ 298/¢')3.
= (@0 + B! +Cw' +Deg'+ I (' +u/s) + B (X /) + (! 4-21) -+ L (g 1)
+ Mg +ple) + R0 +V)).
And in particular if the equation of the surface be

ar’®+ by’ +c2* +2fy s+ 2gzu+2hay 4 pw=0,
the condition 'Qf contact is

(4 B+ C 2+ 280+ 2t o)
v ( AN+ B4 C 2. Fuly' + 263 4+ 23w + % €I2) 3
= (@04 B+ €+ F )+ BN W)+ BOW AN+ e ),

in which last formula
A=bc—f?, B=ca—g*, C=ab—r,

F=gh—aof, &=hf—bg, B=fg—ch,
K=abc—af*—bg*—ch’+2fgh.

§ 2.

In order to state in the most simple form the geometrical construction for the
solution of STEINER’s extension of MaLraTTI's problem, let the given sections be
called for conciseness the determinators*; any two of these sections lie in two dif-
ferent cones, the vertices of which determine with the line of intersection of the
planes of the determinators, two planes which may be termed bisectors; the six
bisectors pass three and three through four straight lines ; and it will be convenient
to use the term bisectors to denote, not the entire system, but any three bisectors
passing through the same line. Consider three sections, which may be termed tactors,
each of them touching a determinator and two bisectors, and three other sections
(which may be termed separators) each of them passing through the point of contact

* T use the words * determinators,” &c. to denote indifferently the sections or the planes of the sections ; the
context is always sufficient to prevent ambiguity.



STEINER'S EXTENSION OF MALFATTI'S PROBLEM. 255

of a determinator and tactor and touching the other two tactors; the separators will
intersect in a line which passes through the point of intersection of the determinators..
The three required sections, or as I shall term them the resultors, are determined by
the conditions that each resultor touches two determinators and two separators, the
possibility of the construction being implied as a theorem. The & posteriori verifica-
tion may be obtained as follows :—

§ 3.
Let £=0, y=0, x=0 be the equations of the resultors, w=0 the equation of the
polar of the point of intersection of the resultors. Since the resultors touch two and
two, the equation of the surface is easily seen to be of the form

- 2yz+2z0+4-22y+w'=0%.
The determinators are sections each of them touching two resultors, but otherwise
arbitrary ; their equations are

1 1
—o&&’+§;y+;zzz+w=0
1 1 _
géx——ﬁy-l—gaz—l—w_o

1 1
5;x+§&.y—yz+w=0.

The separators are sections each of them touching two resultors at their point of
contact (or what is the same thing, passing through the line of intersection of two re-
sultors), and all of them having a line in common. Their equations may be taken
to be
cy—bz=0, az—cx=0, br—ay=0,

the values of a, b, ¢ remaining to be determined. Now before fixing the values of
these quantities, we may find three sections each of them touching a determinator at
a point of intersection with the section which corresponds to it of the sections
cy —bz=0, az—cr=0, bx—ay=0, and touching the other two of the last-mentioned
sections ; and when @, b, ¢ have their proper values the sections so found are the
tactors. For, let Az+puy+vz+ew=0 be the equation of a section touching the de-

terminator -—-mm—|—§l-o-‘y+2iaz+w=0, and the two sections bz—ay=0, az—c2x=0, and

suppose AP =N 4 1* — 2y — 20p— 20 — 2%,

the conditions of contact with the sections bx—ay=0, az—cx=0 are found to be
b+ a)A=(b+a)r—(b+a)u— (b—a)v
(c+a)A=(c+a)r—(c—a)u—(c+a),

values, however, which suppose a correspondence in the signs. of the radicals. Thence

* The reciprocal form is, it should be noted,
2+ Y2+ 22— Qyz — 224 — 2wy — 2uw?=0.

MDCCCLIIL. 2L



256 MR. A. CAYLEY’S ANALYTICAL RESEARCHES CONNECTED WITH

(b+a)p=(c+a); or since the ratios only of the quantities A, w, », ¢ are material,
p=c+a, v=>b+a, and therefore :

A=2—2(2a+b+c) - (b—c)*—2=(A—b—¢)?,
or ¢*=—2(ar+bc).
Whence the equation to a section touching br—ay=0, az —cx=0 is
A4 (c+a)y + (b+a)x++/ —2(ar+be)|w=0.

And to express that this touches the determinator in question, we have

im(x-—b-—c):(a+§)7\—m(2a+b+c)+2\/—2(a7\+bc) ;

and selecting the upper sign,

“A—2au=—2/—2(ar+b0) ;
whence ‘
r=—2a(ae—~/ —2hc), Jm)=(2aw—\/:‘§b~c) ;
or the section touching the determinator and the sections bz —ay=0, az— cx=0 is
—205(am—¢%x+(c+a)y+(b+a)z+(2aoa—\/':§ﬁ)w=0 ;
and at the point of contact with the determinator

1 1
— x5 y+g 2 +w=0

2yz+2zx 420y +w’=0.
Eliminating w between the first and second equations and between the second and
third equations,

\/—2bc(ax+2iay+~2};£z) +cy+bz=0,

(ax+21—uy+-2—1;z>2+2yz=o ;

and from these equations (cy—bz)*=0, or the point of contact lies in the section
cy—bz=0. It follows that the equations of the tactors are

—2a(aew—nr/—2bc)x+(c+a)y+ (b+a)z+(2ax—r/—2bc)w=0

(e b)2—2B(8B— v/ —2ea)y+ (a+b)z+(2bB—n/ —Zea)w=0

(b+c)x+ (a+c)y—27(07——\/:—2—11_5)z+(2cy-—\/m)w=0,
where a, b, c still remain to be determined.

Now the separators pass through the point of intersection of the determinators ;
the equations of these give for the point in question,

ziy:z:w=2By+1)(—at+B+y+2«3y)
| t (2yat1)(e—B+r+200y)

: (208+1)(a+B—y+2eBy)
4a2[3272—1+a2+ﬁ”+7”;
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and the values of @, b, ¢ are therefore
a:b:c=(2By+1)(—a+L4+7v+2:y)
: (2yat1) (e —B+y+2¢06y)
: (26f41)(e+B—y-+2eBy),
which are to be substituted for a, b, ¢ in the equations of the separators and tactors
respectively.
Now proceeding to find the bisectors, let Ax-+uy-rz+4ow=0 be the equation of a
section touching the determinators,

1 1 1 1
Q—Bw—ﬁy+@z+w:0, QE‘T—FZ/:I/——')M—FM:O

And suppose, as before, A*=r>+p’+*—2uv— A —20p—2¢*; the conditions of con-
tact are

pA=pr— (Bg )2

FrA=yrtyp— (7,+71,)v— 2¢,

where it is necessary, for the present purpose, to give opposite signs to the radicals.
For if the radicals had the same sign, it would follow that

1 N 1 1
3[37\— (B+3)M+Bv—2§] —;[vk—kw— (7+;)v—2§] =0;
or the equation Ax—+uy-+r2-+ew=0 would pass through the point

1 2 2

7By |

or the section would be a tangent section of the two determinators of the same class
with the resultor x=0, which ought not to be the case. The proper formula is '

1 1 1 1
g[ﬁk— <f3+3)#+6v——2§] +,;[7A+w» - (7+;)v—2@] =0.
And this equation being satisfied, the section
A4 py vz 4 ew=0

1
r:y:2:w=0; 2k

passes through a point

. 1 1 2 2
m:y:z:w:Z:—@:-—V:-—"ﬁ—;-

The bisector passes through this point and the line of intersection of the determi-
nators ; its equation is

T
or reducing and completing the system, the equations of the bisectors are
(s5=2)2= (ot (o) e (=) om0,
(43t Gmsbhom () (oo
—(1+gz) e+ (1453 v+ (5o )5+ (G5 )w=0.

2L2
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And in order to verify the geometrical counstruction, it only remains to show that each
bisector touches two tactors. Consider the bisector and tactor

1 1 1 1 1 1
= (14 gg)et (1)t (ma—gm) o+ (G-p)w=0
—2a(ae—s/ —2bc)z+(c+a)y+ (b+a)z+(2ae —x/ —2bc)w=0;
and represent these for a moment by

A +py+iz+ew=0, Netp'y+/z4dw=0.
If A be the same as before, and A’ the like function of N, &/, //, ¢, also if

=M o' — (/') — (N +50) — (M 2 ) — 2,
then ‘

o (o L1Y
A _(2+aﬁ) ,
A2=(2ae*—2ar/ —2bc+b+c)?,

2 s 1\2 , ‘1 1
@ =an'(245) —2u/ =224 )+o(2+ ) s
and the condition of contact AA'=® (taking the proper sign for the radicals) be-
comes

1 —— 1\2 1 1
(2+;B)(20u2-—2u\/ -—,2bc+b+c)=aoc“‘<2+m> —2u/ —-2bc(2+;é>+c(2+é—e> ;
or reducing, -
a—pB
ao&——bﬁ—}-c‘m:(h
an equation which is evidently not altered by the interchange of @, « and b, 8. The

conditions, in order that each bisector may touch two tactors, reduce themselves to
the three equations,

au—b@-{—c-ﬁﬁ—%&:O,

a'i?g';—l?ll +bﬁ"-07=0,

Y —
—ao+b Boy 1 +cy=0,

which are satisfied by the values above found for the quantities a, b, c. The possi-
* bility and truth of the geometrical construction are thus demonstrated.

§ 4.

Let it be in the first instance proposed to find the equation of a section touching
all or any of the sections £=0, y=0, =0 of the surface of the second order,

ar’+-by*+cx*4-2fyz+2gza -+ 2hxy +puwr=0.

Any section whatever of this surface may be written in the form

(ar+hp+gr)e+ (hintbu+f)y+ (g Hfst o)z + 4/ =pyw=0,
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where : '
v =ar+ by’ + o - 2fuw+-2gn 2k — K,

where A, s, » are indeterminate. And considering any other section represented by
a like equation, '

(aN 4kl 4-gV)x+ (AN b + /)y + () +/p! + o)z 4/ —py'w=0,

V' =an? 4 bu 4 o 2fu +2g/N - 2h0 W — K,
it may be shown by means of the lemma previously given, that the condition of
contact is
arN !+ on +f (' +w'v) F g N +0) + R (! +Np) K =o'
Suppose that A, @/, /' satisfy the equations
v'=0,
RN +bp! +fv' =0,
gV +/fp'+ o/ =0,
so that the last mentioned section becomes ¥=0; and observing that the first of
the above equations may be transformed into

aN 4 h(.u'—[—gy':%,

where

it is easy to obtain '=A/Q, /= —3—%, v’:%. The condition of contact becomes
K
| ﬁkil{:o.

And taking the under sign, A=+/@, so that if in the above written equation we
establish all or any of the equations A=+/@, p=+/B, 1=4+/€, we have the equa-
tion of a section touching all or the corresponding sections of the sections

=0, y=0, x=0.

In particular we have for a solution of the problem of tactions, the following

equation of the section touching »=0, y=0, 2=0, viz.

(an/ At /B +g8/ T+ (/ A+ b/ B/ Ty + (e8/ A/ Bt e/ )

Anticipating the use of a notation the value of which will subsequently appear, or
putting

f= VAV VEC—F, g= VBV VAC—6, h=v/ TV vAB—D, J=vav/ TBC,
values which give . ' ,
K2._ f4_ 4 h4+2 ~2h2 ()h2f2+f)f2 2 ﬁi}f

— g - g ‘+-l - g - JQ 2
the equation of the section in question is

£2 . 2 2 h? fghv' —p vK
—a(—f +g2+h’)x+—§—§ (f*—g*+h?)y+ 4@(f2+g2-hﬂ)z-|-§.~..jl';_..w=-_o.
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I proceed to investigate a transformation of the equation for the section with an
indeterminate parameter A, which touches the two sections y=0, =0. We have

ay’=(ar+hp+ )+ (Cuw* + B0 — 2 Jfu) —BC + 25
or putting for x and » their values /B, o/€ in the second term,
av’= (anhp+-gr)+ (VBE— T ;

or introducing instead of A an indeterminate quantity X, such that

an+hp+g=(/BEC—HX,

av*=(n/BC—- i /1+X
Also introducing throughout X instead of A, and completing the substitution of
VB, /T er @, v, the equation of the section touching y=0, =0, becomes

(az+hy+92)X +ys/C+2n/B++/ —apy/ 1+ X w=0.

And it may be remarked in passing, that this is a very convenient form for the
demonstration of the theorem; “If two sections of a surface of the second order
touch each other, and are also tangent sections (of the same class) to two fixed
sections, then considering the planes through the axis of the fixed sections and the
poles of the tangent sections, and also the tangent planes through this axis, the an-
harmonic ratio of the four planes is independent of the position of the moveable
tangent sections;” where by the axis of the fixed sections is to be understood the
line joining their poles.

The sections touching =0, =0, and #=0, y=0, are of course

an/C+ (hx+by+/2)Y +28/ A4~/ —bp/ 1+ Y. 0=0
o/ B+yn/ A+ (g2 +fy+ c2)Z+/ —cp/ T+ 22 .w=0,

W +bp' +f =/ CA—-B)Y, N=+Q, p/=p, /=+/C
g;\n_l__f(hu_}_cyu:(\/g"“g_ib)Z, 7\"=\/§, ‘u,"z\/%, =)
~ The conditions of contact of the sections represented by the above written equa-
tions would be perhaps most simply obtained directly from the lemma, but it is

proper to deduce it from the formula for contact used in the present memoir. If for
shortness ’

we have

where

@(i):ah’l”—}- b{bl[ll”+CV’V"+f([lJ'V"+,JJ"V') +g(V';\."+V”7\_.’)+h(7\.’[l/"+)\"{lll)iK,
where the symbol ¢ () is used in order to mark the essentially different character
of the results corresponding to the different values of the arabiguous sign, then

be(—) = (R +Bl-H9) (g3 +fu o),
(@ = B (NS o),
(R — o) (i ),
I (— @)D+ Xl BN K —f )
—gK —f*K.
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=f(! b+ ) (" S+ o)
+/ AW AC— &) (gn"+ [+ ")
+0/ AW/ AB—D) (7n b +1)
+/(—A/BC+DV/ CA+6/AB—AF— (BDH—AT))
=f (b ) (0" + S+ )
+/ AN AC—B) (2" +fu"+ )
+/ AW AB D) (7! + byl 1)
—f (W AC—6B)(/AB—D),
be®(—)=(/AC—B)(VAB-D){fYZ+/AX+2) -1}

What, however, is really required*, is the value of ®(+); to find this,
be®(+)=beP(—)+2bcK
=W AC-6)(VAB-B) (fYZ+/AY+2)+f)
+2bcK—2f(v/AC— &) (/AB—H),

the second line of which is

i.e.

bcK

2(v/AC— &)/ TB—){ G5,/ A+ 6)(v/ A+ B)—/

—2(WRE=OIVAB=D) (/3¢ 4 6)(«/BB+B) —GR+AT)

where
I=g(/ TBC+F/A+G/B+BVT) ;

and consequently

be®(+)=(/AC—B)(/ AB—B) {(fYZ+/AY+2Z) +/+20/A},

a reduction, which on account of its peculiarity, I have thought right to work out
in full.
The condition of contact is

O(+H)=v'y"'==(/ A~ E) (v BB W)/ T+ YV 1+ 22

* It may be shown without difficulty that the (—) sign would imply that the sections touching z=0, +=0
and =0, y =0 were secticns touching #=0 at the same point. By taking the (—) sign in each equation we
should have the solution of the problem ¢ to determine three sections of a surface of the second order, the two
sections of each pair touching one of three given sections at the same point,” which is not without interest;
the solution may be completed without any difficulty.
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Or finally, the condition in order that the sections

an/ C+ (he+by+12)Y +2/ A4~/ —bp/ T+ Yw=0

(the former of which is a section touching =0, x=0, and the latter a section
touching =0, y=0) may touch, is

YIS AT D)+ (20 D= o) THY N 14 L =0.

The preceding researches show that the solution of SrrINER’s extension of Mav-
FATTI'S problem depends on a systein of equations, such as the system mentioned
at the commencement of the following section.

Consider the system of equations
a+B(Y+Z)+yYZ4W/ 1+ i +22=0
&8 (Z+X) +y ZX I/ T+ 7/ THX=0
o' +B'(X+Y) +o' XY 4"/ 14X/ 1+ Y =0.

These equations may, it will be seen, be solved by quadratics only, when the coeffi-
cients satisfy the relations

¢ _ _B_’,_ ___,,B”
7__“—-,)7__041-—711:_;17
ER N Clte A e B A A
72___ P ,),12_ a2 ,yll~2_ aiz

equations which it should be remarked are satisfied by

B:O, B!:Oa 6”:0’ 7:_5’ ,}/l:BI) 9/!I=BH“
Or if we write :

the equations become by a simple reduction,
Y 4722420V L= -1
L+ X 2mLX =m—1
XV 2nX Y =n—1,

which are equivalent to the equations discussed in my paper “ On a System of Equa-
tions connected with Mavrrartr’s Problem and on another Algebraical System,” Cam-
bridge and Dublin Mathematical Journal, t. iv. p. 270; the solution might have been
effected by the direct method, which I shall here adopt, of eliminating any one of the
variables between the two equations into which it eanters, and combining the result
with the third equation.
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Writing the second and third equations under the form
A4+BX4C/1+X2=0
Al + B"X —I—C" \/i—_l’_—x2=0,
the result of the elimination may be presented in the form
AA"4+BB'—CC'= \/ AP BE—C" \/ ARFRE_CPE,

which is most easily obtained by writing X= tan ¢ and operating with the symbol
cos™'; but if the rationalized equations be represented by

7\.’+2{IJ'X+P,X2=O and 7\."+2(IJ"X+V”X2=O,

the form
4 (}\Ip’ _{1‘12) ()\.II”" _(""2) — (A’p"—k)\"y'— 2{1;’{1;”)2

leads easily to the result in question. The values which enter are
AI — O&' +QIZ AII: “H _l_BIIY
BI:BI_'_?/Z BH=BH+?/HY
C=3/TFZ C'=¥/1F7;

whence, in the first place, by the equation connecting Y, Z,

CC'= =" (a4 B(Y+2) +3YZ}.

It is obviously convenient that A’'A"+B'B" should be symmetrical with respect to
Y and Z, and this will be the case if

06'5'/+48'7"=06"ﬁ'+6"7', ie. if BI(')'"—“")=B"(')"—O6').
Or assuming that the equations are symmetrically related to the system, we have
the first set of relations between the coeflicients, relations which are satisfied by

a=y+20B, o'=y+2¢f, o"=y"+208",
and the values of o, , &' will be considered henceforth as given by these conditions.
We have

AlA"_I_ BIBH__ CIC"=“7“"+BIﬁH+ (ylﬁfl+7ll‘8I+2¢ﬁ/6") (Y+Z) + (BI@"_{_YIY”)YZ
ot B(Y+Z)+yYZ).

The quantities A®4+B"”—C”, A" B"”—C" are quadratic functions of Z and Y respect-
ively, and with proper relations between the coefficients, we may assume

(A’2+B’2—-C’2)(A"2+B"2—C"2)-_‘—1232{U2+k[(06+6(Y+Z)+7YZ)2-;-52(1+Y2)(1+Z2)]},
in which U is a linear function of Y-+Z and YZ, and % and /s are constants. The
first side must, in the first place, be symmetrical with respect to Y and Z, or

0&,2+B'2—-3'2, (“'+7l)6', BI2+712__B'2
must be proportional to

“’I2+BII2_ 8'12, (“Il + '}’”)B", ﬁ"z_l_ylm__ BII‘.’.

MDCCCLII. 2 M
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But since ' -
( al + 7’) Bl, ( 06" + 7") ﬁll
7'2_ “Iz’ ')/12 — “"2’

3!2 + ,ylz_ 5!2, Bllz + 7)!2 S
Vz —_ Iz’ 71!2 —a,

Or since the equations are supposed symmetrically related to the system, we must
have the second set of relations between the coefficients. Suppose

62+,y9_82_ﬁl2+,/2_8I‘2_ﬁ!l‘2+7"2_?_§"—_2— f
Yﬂ_aﬁ - ,ylﬁl__alg - ,YIIQ__“HQ - ¢’

are proportional to
it is only necessary that

should be proportional to

then since ,
y'—a’=—4(y+0B)¢B; &e.,
& = +o* —4s(y +¢P)B
=@/ —ds(y' +96)P
3"2=ﬁ"2+'y"2—43('}'"+¢ﬁ")ﬁ",

and 9, ¥, " will be supposed henceforth to satisfy these 'equations.
We have next

A12 +BI2 __CI2=4(7I+¢BI)BI(S+¢+Z+.SZ2)
A"2+B"2—C"2=4(')/"+¢ﬁ,’)3"(8+¢+Y+SY2),
which may be simplified by writing

p—9 ,—L1tue
14p» " p—p’

we have

S=

where @, » are to be considered as given fanctions of s and ¢. These values give
A2+ B2 —C" =4(y/+¢8 )Bs(Z+m) (Z+)
A"2+B”g—C"2"—"4(7"+¢[3")B"S (Y+{b)(Y+l')

Hence, putting for simplicity

l2=4(7I+¢BI)(7II+¢BH)616H,
we have
4(ZA+) (ZA) (V) (Y+0) = U+ k[ (- BY+Z) 4y YZP =2 (1Y) (1 4+27)].
And the two sides have next to be expressed in terms of Y-4Z and YZ.

If for symmetry we write
¢=1, n=Y+Z, {(=YZ,

AWt pn+) (E+m+8) + A [(E—) +77] = U+ A(ak+Br+90)*
And U is now to be considered a linear function of £, », Z.
The condition that the first side of the equation may divide into factors, gives an
equation for determining % ; since the condition is satisfied for 4=0 and A= o, the

then
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equation will be linear, and it is easily seen that the value is k=§g(,w—-v)2. In fact

4(pE4pn+0) (P +m+0)*+ (w—1)’[E—Q)*+7]
= 2w+ (+2)1+20) + (w—2)*E+)*.

Hence \
{zpbpg+(@+u)n+2§}2—U2=(~"'—a¥)— {(b+Pr+y ) —E+)}

And we may assume

2un+ () 1420+ U="" A { (B9 —3(E+Q))

=B Py +3ED)),

subject to its being shown that

szt 2t =] (A ) @t Brtr =3 (A—1) €+ }

gives a constant value for A. The comparison of coeflicients gives
—v 1 1
2 (a4} (a1 )]

w—y 1

4=”’§”{(A+A)y— (a—% }

the first and third of which give
- 1
1(1—w) =" (A5 (r—a),

which will be identical with the second, if

2(1—w)
ot —7-“__2%
which follows at once from the equation

_l+twe
T e—9
Forming next the two equations

A+K= ) @(po-l-v)B

A==yl (bH)y =28}

these will be equivalent to a single equation if

(wt0)¥={(w+)r—2BY+ (b —)'F,

(w400 = (o)’ (B*+7) —4 (=) By — 4w — 1)
2 M2

1. e. if
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or finally, if
py—1

P=pty—4sB(r+5 T, B) =B+ — sy +0P)B,

which is in fact the case.

Writing the equations for A+—11{, A—%
in the form A+21§=(,,,——2§)—ﬁ}

1 2
A== 5Er —2Ps),

and substituting in U—-:&—Q_a—v{(A—}O (a%—i-ﬁn—}-yl)—(A-I-%)Bg(i-l-@},
we have U=35{(y—2) (a+ P10 —P(E+)}

=5 (— B+ 257 +200)E+ (y—258)1-+ (— B+ 257+ 452B)
And consequently, multiplying by

ls=2:/(/+¢B) (7" +2B"BB")
we have JAPFBP—C% /AP BP—C"

| =%\/ /o) ("B BB (—B 25y +207)E+(y—25B)1+ (—+2s7 + 450B) L} 5
or collecting the different terms

(oc’oc"+6'ﬁ")i+(7’6"+7”l3'+2¢ﬁ'6")n+(B’B"+7’7")§+§%1(0&§+F371+7C)

2 .
—5¢/ (7 +20B) (V" + 208"\ BB {(— B+2s7+207)E+ (y—25B)r+ (—B+2sy + 45¢B) L} =0,
which, combined with the first equation written under the form

(c&+Br+y0)* - [ (§-)*+7"]=0,
determines the ratios of £, », {; i. e. the values of Y4+Z and YZ.

The system of equations b6
(+20V D+ AN+ Z)+ fYZ— S ben/ T+ N/ T+Z2=0
(§+208/B)+n/B(Z+X) +8ZX—n/ can/ T+ 22/ 14+ X=0
(h+208/ ©)+4/CX+Y)+EXY = /abs/ 1+ XN/ 14 Y*=0,
where 1=/ TBE+Fv/A+6v/B+IVC),

on which depends the solution of STEINER’s extension of MavrraTTr's problem, is at
once seen to belong to the class of equations treated of in the preceding section, and
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we have p=4d, s=0. The equations at the conclusion of the preceding section
become

(VBE+gh+20(g/ T+ In/B)+ 403/ BEYe+ {g/ T+ h/B+200/ BT n+ (/BE+gh}{
_a[<f+2o¢§)z+¢§n+f'&]—7%;J (g+00/B) (h+0/ C)/BC{ (/ A—20f i —f1+4/AL} =0
{(f+20/ D+ An+fT)—be{ (5= L) +7°} =0,

which may also be written

WBC+I)E+) + (—a/ A+ g/ T+ =/ B +20/BC) (n+-26)
— 7=V g+ /Bt 0/ T/ BE (v A—20f e fr-+/ ) =0.

SEH)+VA(+26) 1 —be{ =)+ =0
Or observing that

g+ 0/ B=k(/BEAF) (JAB+B) s h+0/T=g(/BE+F)(v/AC+6)
— /AN B+-g/ T+ 20/ BC=0(~/ BT+ F),

and putting for a moment

=gV (VACTHE)(V/AB+])V/BE),

and therefore

V(g +0/B) (h+ 6/ T/ BE=(v/BEA+F ),
the first equation divides by (J%Tf]}+;b"), and the result is

(E4-0) 001420 — = (/A(EHY) —flr+-208) =00
And by an easy transformation the second equation becomes |

— (WAEHY) —f1+208) )+ 4be((E+ L) +0(r+208) — (1+)2) =o0.
Or putting
544 0(n+205) =0

—=(VACH)—fr+26)) =
4 =Y,
O—-20P=0
— P+ 4¥{O—(14-6) ¥} =0.
Whence eliminating @,

® \? G 1462
(¥~17w) =grer(1—27)
or observing that

1+ =g/ BE+F) (v TA+E) (v TB+),

the equations become
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and reducing,

K*0

Y (1 4V (VBE-§) VBEY,

(VBC+ ) (VEA+B)(VAB+D) vVoBEC
Also O=2AD gives
_ K©
T/ (VAC+B)(VAB+1) VBE

Suppose L
NVBC+F=u0, o/ BEC—F=a, .. ao,=Ka

VEA+E=6, /CA-6=p  pR=Kb

VAB+h=y, VAB—H=y, yy,=Kc;
then substituting

V2 &/a+a
O— I/ bc®=0
4/61')'1 \/

zb"(a—m,)(l— Ve )‘P 0,
that is,
EF L ln 208 — L2V ok m A2 ACH O —fart 20 =0

cla+e Ve,
L2 =t (1 Lo Yo,

which may be written

LE+My+NZ=0
Lg+4+M'n+ NZ=O’

where
ﬁ/g-ﬁ/a—[-a — '\/—2-&/a+a V2\/ac+a
L=1420———F— —24f), M=0+—=—1f, N=1— -
+ v By, (\/g ) + VB, VB \/g
_ o 4bc(ata) _ Ve (- 1—
e ( WH’), M'=¢ , N'=1.
Or since &, 7, { are equal to 1, Y+Z, YZ respectively,
p y
1:Y4-Z:YZ=MN—~M'N:NL'—-N'L:LM'—-L'M
&/2 oe+a,)
/)
4bc (a+a) Ve Va-l—a, 4/;7 Ve Vae+al
) ﬁ/')/l ( - '\/ﬁ/'y’ f) (1 '\/Ot+d )+ (f+9\/g
460 (a+a) V2Vata Va, V2 Vu+oc,
hY ( + VB, f) ( Voa+ta ) + f+9\/g)

Also

f+0\/§—€z-—- Z{bc
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whence
_._2“/5‘/“"‘“1‘/@ 4/2&/04-1-0;, _ "/“I
Y4 Z= X (1 % \/ﬂ)(l ) 20
2 B, &/2«/a¢+af Va,
Z=2 VZ&/a—f-_fl&/ﬁ,y, 0 ’ , L
Y K ( + /'}’l )( Vﬂt—l—a,) 1

And by forming the analogous expressions for Z+X and ZX, X+4Y and XY, the
values of X, Y, Z may be determined. But the equations in question simplify them-
selves in a remarkable manner by the notation before alluded to.

Suppese

f=/ A/ BE—F, g=v/BV/CA—6, h=V/ TV /AB—R, J=/2/3BC,
these values give

5—‘—/-_-5-“ —2 h\/l e/ 1-0

2g h2

Kf P
va =hogeh

Ki — =—f'—g—h2J?
4f2g2h2

K2 =___f4_g4_h4+2g2h2+2h‘2f‘2+2f2g2_ N

Applying these results to the preceding formulee and forming for that purpose the
equations '

= p—— V2 A/a+tx, J2 */“/ _f
2\/2'\/“+“/\/6171_4gh7 Vﬁﬂ/ ‘/agh 4/0(--|-0¢I_J

ghK9+ Kf (J*—gh)(f*— (g—h)*) —2gh(g—h)*,

we have

K(Y+Z)+2K0=4(J2—-gh)( l—fT)
KYZ 4K =4{(J2—gh)(f“’—(g—h)2)—2gh(g”‘h)2}(l“§);

the former of which, combined with the similar equations for Z+X and X4Y, gives
for X, Y, Z the values to be presently stated, and these values will of course verify
the second equation and the corresponding equations for ZX and XY.

Recapituolating the preceding notation, if =0, y=0, x=0 are the equations of the
given sections, w=0 the equation of the polar plane of their point of intersection
with respect to the surface

ar®*+ by’ + ez’ 2fyz -+ 2gzx -+ 2 hay 4+ pw*=0,
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the equatlon of the surface, 4, B, €, F, &, H, K as usuval, and
0=k (/TBC+F+/ A+ 6/ B+T),
then the equations of the required sections are
| (ax+hy+g=)X+y3/ T4 20/B++/ —ap/ T+ Xw=0
an/ €+ (ha+by+12) Y+ 20/ A/ —bp/ T+ Yw=0
2/ B+y/ A+ (geHfy+e2) ZA/ —ep/ 1+ 20w =0,
where X, Y, Z are to be determined by the following equations,
(f+20/ D+ AN +2)+f YZ—/ e/ TH YV 1+ 2P =0
(g4+200/B) +/B(ZAX)+gZX —/ can/ T+ Z:/ T+ X2=0
(h4200/T)+/CX+Y) +hXY =/ @b/ TF XN/ TF V=0

and the solution of which, putting

is given by the equations
2fgh
KX =54 (—f+g+h)*—2(—f+g+h)J

Qfgh

KY=—p-+(f—g+h)*—2(f—g+h)J

2fgh

KZ="3"+(f+g—h)*—2(f+g—h)J*

Instead of the direct but very tedious process by which these values of X, Y, Z
have been obtained, we may substitute the following & posteriori verification.
We have

K2(1+X2)=4(—f+g+h)2J2(1+§>(l—g)(l-—;—?
KQ\/1+Y2\/1+Z“’—4(f2—-(g—h) J2<]—— )\/1 f;;"
K2(1+YZ)=4<1—3> (Jﬂ—gh)(fﬁ-(g-h)?)—2gh(g-—h)2}

K(Y+4Z)—2f -gﬁ-—2h2+4J2=4(l —;) (J*—gh).
Putting also

Q J2—
—g—h s -—(f—(g hye)— 222 e

K= ( —(g—h) ((g+h)2 —fr_ 4gh2>_4g2h28g2_h)2

* 1t is perhaps worth noticing that the value of the quantity A previously made use of, is
- f {Qfgh
Kav@l J

go— h9+(J+f—g—-h)2}



STEINER’S EXTENSION OF MALFATTI'S PROBLEM. 271
we have
(P—g -0+ L) R(1+Y2)
2 (J —gh)
-4(1—J)1f2—<g h)?)[ (J—gh)(f*— (g—h)*) —2gh(g — h)*—2gh’ ]
49%h?(g —h)%(J%2—gh
418 (g —h)*( g)}

JQ
KHK(Y4Z)— 2 —2g°— 2h*+4J%}

=1(1=){ (= g0 [9: - gh) (s 1y -5 ) ] EEEED)

Also, since

(fz—(g—[l)2)+((g+h)2— 2_‘15,1}‘) Ag h(Jﬂ_gh,

we have

(P—g2—h2

=1(1=3)( g~ y)2enr(1=5) (1- 7

And the values obtained above give also
2 h2 R __
2gh«\/l—§—2\/l—ﬁK2\/l+sz/ 1 +77

=4(1—§) (2= (g—hy?)2gh*(1 —% (1 —jh—:)

which shows that the relation between Y and Z is verified by the assumed values of
these quantities, and the other two equations are of course also verified. The solu-
tion of the problem will be rendered more complete it the equations of the required
sections and of the auxiliary sections made use of in the geometrical construction are
expressed in terms of f, g, h, J.

Qgh

>K2(1+YA)+Ix2{K(Y+Z) 2f?—2g” — 2h*)

V7.

First, to substitute in the equations of the required sections or resultors. Writing
the first equation in the form

5 VEE| X+ (XA /Ty + (X A/ Be-+v/ —apy/ TFXw| =0,

the coefficient of x will be

T (1= 5 R (— gy =23 (—fg D)

or, as it is convenient to write it,
L= g0 = (1= )| s ey — g +h—2J |
()=t Jg(1= s grm — s

MDCCCLII. 2N
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The coefficient of y is

A Jr_ e 2
zvﬁ{( fFP—g"+h’+-5
4f?g%h?

-—f4—g‘~h4+2g2h2+2h2f2+2f2 2__“392._,}’

Qgh

(B (— gt by — 20 (— g 1)

or, after all reductions,
Nec—t b8\ —2eh 2J(f* +g°—h?)
(1=7)f(~f+g+h) m(l“J){ (g TI—8+h+ }
and similarly the coefficient of 2 is

7| (~ e ) (B (= g b =2 (— g )

2 v €
4f9g9h9} |

—f*—g*—h*'4-2g°h*4-2h*f* 4 2f 29— NG
or, after all reductions,

4 . h h = 2J(f2—o21 h2
(145) f(—f+g+h>7¢—~t(1—3){;,—(:ﬁ—%l‘m+f+g-—h+‘i‘“f—§—f%i@} :

and the coefficient of w is

(1+J\f( f—l—g—l—h)"\/K\/l-—f\/l—gx/l—;]\/——p.

Whence, forming the equation of the resultor in question, and by means of it those
of the other resultors, the equations of the resultors are

(=ttamm—fHeth=29)z(1-5)s
+ (et EE) (1)

+(J ffi}ih)+f+g ht2J° zgt“i+h2>;@<l*§>z

+2\/K\/1-—§\/1—§\/1——\/—pw 0

(s —e+h+2d ) va(-7)

+<Jf—2—f§}—1+h +f—g+h- QJ)«/%O g)y

+<J;’:§+h)+f+g—h+2J f;"ggh+h2> M@f(l'—j)z

+ov/Ra/ 150/ 1-88/ 10/ Sw=0
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—2fgh f2—g?4h?\ f f
(e Hetit2l 5E=) 5 (1-7)-

—2fgh —f24924+h% g g
+<J trg—h) T I—gTh+20—5; ) «/E(l_f)y

+ (st eyt e—h—20) Je(1-7)=

+2v/KA/ 1—34/1-84/ 1 -2/ Zpu=,

values which might be somewhat simplified by writing &, 5, £, « instead of

'17%( %‘” vaﬁ( ~5)s vhec Jz’ 2\/1—f\/1 g\/]"J\/

And it may be also remarked, that the coefficients as well of these formulee as of
those which follow may be elegantly expressed in terms of the parts of a triangle
having f, g, h for its sides.

The equations of the separators are found by taking the differences two and two
of the equations of the resultors (this requires to be verified & posteriori) ; thus sub-
tracting the third equation from the second the result contains a constant factor,

S = =) (1),

equivalent to
1 202h?— J2 K2 ‘fﬁgﬁlﬁ . "__.J_K.mQ N
J(f%—(g—h)ﬂ)gh(‘“ g'h’—J (K LT » o (= (g=h))gh’

Rejecting the factor in question and forming the analogous two equations, the equa-
tions of the separators are

- a1 Ll
”}@t(l 1) ‘hé'"fas( §>y+;@( —3)s=0
N YO

and from the mode of formation of these equations it is obvious that the separators

have a line in common.
The equations of the determinators being =0, y=0, ¥=0, the equations of the

tactors are
VBz—/TCy=0, /Co—/Ax=0, /Ay—s/Bz=0
and if ex+4By+yz-+dw=0 be the equation of the tactor touching
2=0, o/Cr—a/Qz=0 and /Ay—+/Br=0,
the conditions of contact are
(Aot ) = At BB+ Gy,
2 N2
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2/ TB (/T2 (A -+ 7 ) = { (VBB o/ A=/ B)+/(EV/ BBV D)}

AT/ AL—6) (A + ) ={(VAC— )/ T~/ €) +800/ T—F/ D)}

whence ‘
Y WA TE—R) @+ B+ Gy =
(W AB - Ao— (/AB -]/ BB+ (BB — T/ A)y
vaY 2/ AT(/ AT—6) @+ B+ 6y)=
 WAC—E) At BT~ T/ DP— (VAC—B)y
0(32+672—2f37+%32=‘0,
and putting for a moment
w=rn/AE—G—/ 2/ AC (v AC—0)
v=/TB—TB— 2/ T/ TB—).

After some reductions, and observing that the ratios only of the quantities o, 3, ¢, 0
are material,

““‘*—“(K*l-flv-l-w)
-@7—7@7( br+fin)

v=7%( St ow)

K
V= s/ =+ 2fm) 5

and it is easily seen also that the coordinates of the point of contact are

Ba/ﬂ
p K

—250-0). = Te0)

And substituting and introducing throughout the quantities f, g, h, J, also forming
the analogous equations, the equations of the tactors are

{fz( f2+g2+h2)+(8+h)J<f2__(g_h)2 fggh)}vlﬁ

_{fﬂ (g—h)? +2gh(g h} ms\ ~y

_{f2 (g—h)*— g h}J (1 J)

+2\/K\/gh<1 ——§> (1 -L} (t‘h-(g-h)?)\/:};w:-_o

r=0, y=vy, =3=p, w=

also
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= -+ (1)
Hg g+ )3 (2= -y =) L

=0 =" g (1))
+2\/R—\/hf<l—§)<l—§~) g — (h—£)") / Zpr=0
—{e— =gy + =B 5 (1-7)e
—{w— =g+ 2fg(§ L5 (1=5)
k=) + ()T (= -y =75 ) } g

+2\/K\/fg(l _j) (1 —-%) (lﬁ—(f—gf}\/:—ﬁwzo.

It is obvious, from the equations, that each separator passes through the point of
contact of a tactor and determinator, it consequently only remains to be shown that
each separator touches two tactors. Consider the tactor which has been represented
by ax+By+yz-+dw=0, the unreduced values of the coefficients give

Qo+ BB+ Gy =K@
M-t BB+ Py =, 5 (B+)

@a+y@+@7=%@+m

1
Aot = @t B+ By =K
Represent for a moment the separator
ELEVATR g\, _f=g h
va(l—3)—5(1- ) i g(1=3)7=0
=0*

by lx+my—+nz+sw=0. Then putting F*4-...

, since
K NP n

i {i(1-5)-5(0-) (1=5) -0 =) (1)
=T{——gr+he+e -],
the condition of contact becomes

0=3{ —(f—g+h(t+5)—75 |
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Or, forming the value of 0O® and substituting

(151615 s (1-1)

#2052 (1 -5)(1=5) (1= F) = (1-3)(1~5)—20 =3 )s(1-3)(1-5)
= (= (=g +h(+) =75,

which may be verified without difficulty, and thus the construction for the resultors

is shown to be true.

§ 8.
Several of the formulee of the preceding sections of this memoir apply to any
number of variables. Consider the surface (i. e. hypersurface)
ax®+ by’ + e+ 2fyz 4 2920+ 2hay . .. +pt*=0,
and the section (7. e. hypersection)
(an=+hp4gv.. Je+ (In4-bp+f.. Jy+ (gh+fute .. )z... 4/ =pViE=0,
where
Vi =ai’+ b+ o’ + 2f v+ 2gva+-2haw ... — K,
the condition of contact with any other section represented by a similar equation is
ar b v +fp' 4+ w'v) + g ON VR A0 +0p) ... K=V v/,
where K is the determinant formed with the coeflicients @, b, ¢, f, g, &, ... And con-
sequently, by establishing all or any of the equations A=+/Q, p=+/3, 1=/, ...
we have the condition in order that the section in question may touch all or the
corresponding sections of the sections =0, y=0, z=0, ...

Let W be the number of the variables z, y, .., then K"’

=3 #H &..
Hh B F
& F C

also K" {(ar+hptgv. )o+ (4 bpfo. Yy + (gr+fut o )z...}

Il
-

SE RO

Y
» aq4 B
w B B
v & F

whence also

K" ?(vi4K)=— Jor K" ?yr=—1

G ¥ 0 >
NS
&l & .

Ao
r 4 B 6
v B B F
v & F €
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and the equation of the section in question becomes

1o
A+K? N —p/ -

277

- r Yy = 1 &2 p ».Jt=0
» 4 R 6 a4 R 6
w B BT v BB F
» & F @ v & F C
also the condition of contact with the corresponding section is
—F1 2 p =1 A p WD WY
" a4 B 6 A A B 6 N a4 B 6
BB T P BB F| WBBF
& F C v & F € ) & F C
In particular the equation of the sections which touches all the sections x=0, y=0,
2=0..,is
L R e
— a2 K /= IWaAVB/C. =0
VA A B 6 Va 4 B 6
VE B OB ¥ VE B B F
Ve 6 F ¢

VE 6 F ¢

Again, the equations of the section touching y=0, =0, ... and the section touching

r=0, =0, ... are
ln—-l

- xz Yy 3

a4 h 6 A adh 6
VE B OB F VE B B F
vV 6 F ¢ VE 6 F €
AR i e VW C.
Vi A4 B & \/g“gg‘/‘é

ib%}%,i]f v BB F
VE & F € VE & F ¢

and the condition of contact of these twe sections is

AR =/ = 1T WBV/E =0

—F 1 WBEC. =V~ T wWE/EIW=] WA w/E.)

Vi an 6 ra B 6 Vi A B 6
v B B F VB B B F w B B F
d«;@ar@ W{E@Jf@ Ve & F €
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It would seem from the appearance of these equations that there should be some
simpler method of obtaining the solution than the method employed in the previous
part of this memoir.

2 Stone Buildings,
April 1852.



